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Abstract

A solution is found for Maxwell’s equations which are associated with a radial flow
of electric charge moving with the speed of light.

1. Introduction

Recently, Bonnor (1969) discussed the motion of a charge system moving
with the velocity of light parallel to a fixed axis. It is the purpose of this
paper to show that solutions of Maxwell’s equations exist which involve
the flow of charge radially out (or in) from a fixed point. Before proceeding
to the analysis, it is convenient to recapitulate certain properties of the fields
associated with such a charge current distribution. The force per unit
volume on a charge density p per unit volume moving with speed ¢ in the
direction associated with unit vector i is given by, with the usual notation,

p(E+cix B)

(the Giorgi system of units is used). If this is zero, and ii is perpendicular
to both E and B, it follows that pcii. E vanishes, and so the four-dimensional
force density (Sommerfeld, 1964a) vanishes, and also that E.B, and
€0 E* — (B%/u,), the two vector invariants of the electromagnetic field
(Sommerfeld, 1964b) vanish. The energy density is given by

2 2
W=%€0E2+l£=€oE2=§— (1.])
' 2 po ]
and the Poynting vector is given by
ExH=A/(~€9>E2‘=Wcﬁ (1.2)
Fro

The stress tensor (Sommerfeld, 1964¢) may be obtained as follows. There
is a tension of magnitude 4¢p £2 in the direction of E and a compression
of the same magnitude in the directions perpendicular thereto.
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Similarly, there is a tension of magnitude 4(B%/u,) in the direction of
B and a compression of the same magnitude in the directions perpendicular
thereto. Now

Jeg B2 =i =1W (1.3)

and it follows that the stress tensor associated with E and B is equivalent
to a tension of magnitude W in the direction which is perpendicular to
both E and B, that is @i. There is no stress in the directions perpendicular
to .

2. Radial Solution of Maxwell’s Equations

Any solution of Maxwell’s equations can be written in the form (Stratton,
1941)

oA

E=—§t-, B=VxA .1
If the flow of charge is radial, then,
E+ctxB=0 2.2)

It follows that E, vanishes and hence A,. Thus, in spherical polar co-
ordinates

A=As0+ 4, (2.3)
_ 0dgp 04y
E=——20-—F% (2.4)

= siln 0[ 9(sm 6‘A¢) 8;39] £
Now in order that B, vanish, it follows that
04,
3

10 A 10 -
*—5’-'(7‘14,35)9 +‘;5:(I”A9)¢ (25)

(s1n 04,) =

whence

w1
20 ¢ sinfo4
u is a function of r, 8, ¢, ¢. Thus

%u 4 1 *u ,
E=—303:° " snoogar? (2.72)

1 of ou\s 12 [ ou\ 4
" rsin 95;(’"5}5) 0+ ror (r @) 4 (2.70)

Ay = (2.6)
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Substituting equations (2.7a) and (2.7b) in equation (2.2), it follows that

0?u ¢ 0 { ou\la 1 [2%u cof ou\l,
0~ [t o )P swalognr s ® @9

This is satisfied if

lau

cor a0 =0 29)

that is
1 r

[fis arbitrary.
The charge and current density are given by
3D 1 oE

_1f 1 [0 sinbd/ ou 1 1 02 )l
" polrsin@|a8\ r or 730 rsin 0942 or ru

10%( ou\, 1 0? N 0u 4 1 2%u
"?W(réﬁ)e*rsinearzaqs(””)"’}“€°{aeazze+smea¢az2¢}

oo L[ 1E a0 1 o
"‘Ho{ rarz(r69)+02898t2}
1 (10* &*\ou
" o r{ 2012 ar2}5§
=0
by virtue of equation (2.10).
Similarly, J4 vanishes, and so

J=J.¢

1( 1 [0 [sinf0( du 1 @
“salrana ("7 7 3)) s ) @)

The charge density is given by
pP= V -D = €0V E

where

€p a 1 83 u
rsmﬁ{ ae(S‘ aaeat) sin()aquat: 2.12)
Substituting the relation (2.9), it follows that
Jo=cp 2.13)

that is, the velocity of flow is ¢f, which is in agreement with the original
hypothesis, and so it follows that a consistent field system has been obtained.
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It may be remarked that (2.9) is not the only relation which causes
equation (2.8) to be satisfied. Any relation of the form

18u la

sa Tt =Fr)

where F is arbitrary, would in fact do.
However, the fields E and B involve differentiations with respect to 6
and ¢, and consequently F does not matter. It may thus be assumed zero.
It may be observed further that if the sign of ¢ be reversed everywhere,
there is a radial inward flow with speed c.

3. Calculation of Associated Quantities

The charge density, using equations (2.10) and (2.12), is given by

Eo of
—T= 5 3.D
where T is the operator
1 0 0 1 22
SRCED (S‘“"aa) T S04 3.2

The total charge within a sphere of radius a, centre the origin is therefore

0(a) = f 24y f dd f sin 8.8 p(r)

a

—— [ dr f de Of dfsin org—{ (9, é, t%) (3.3)

0 =

This may in fact be shown to be zero.
For writing f'in terms of surface harmonics (Stratton, 1941b)

f(8,4,8)= g [a,w P,(cos ) + i_l (aumcosme + b, sinme) P,™(cos 0)]
(3.4

where the a,, and b,,, are functions of .
Now, by the properties of the Legendre functions

TP,"(cos ¢) qu —n(n + 1) P,"(cos ¢) (s:lons me

and so

0(a) = & Of dr j do j’ d9sin 6 {20 n(n + 1) [a;,, (t - g) Py(cos 0)]
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= (a, r r\ . m
+"Zl{ ,,m(t—z)cosmgb+bnm(t—z)smm¢}P,, cosb’]

a w
=27eg f dr f dfsiné > a,, (t — g) n(n + 1) P,(cos §)
b0 =1
on integrating with respect to ¢ and dropping the terms in # =0. Using
the fact that Py(cosf) =1 and the orthogonality properties of Legendre
polynomials, it follows that this is zero.
Similarly, the net rate of flow of charge out of the sphere

I(a)= er do f sin 0d6[J,}),..a* 3.5
=—¢,C _J: df .f sin 8 d6T [Z—{ ]r:a 3.6)

also vanishes.

This means that the charge distribution is such that the total charge in
any spherical shell with centre at the origin is zero, and it cannot therefore
be one signed. The density of electromagnetic energy is given by

0% u \? 1 ou \?
. 2
W=k “E"[(aeaz) +sin20(a¢at)]

Sl +rolag

This is intrinsically positive.
Let 02f /012 = I', for convenience

. €9 aP 2 1 ar 2
W= 7[(_55) T sin?0 (ﬁ) ] @7

The energy enclosed within a sphere of radius g is

a 7

oferr fd¢>0f sin 0 dOW(r, 0, )

— = ¢ j dr z dd } sin 9d9[<%1;—)2 + gmlTe("aa—g)z] (3.8)

The Poynting vector is Wet and the rate of flow of energy out of the sphere
is given by r  om

@ [ dp ! d05in0€a°—zc[(%%)2+§%?(%§)z]r=a (3.9)

-

which is intrinsically positive, as W is also.
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Consider now the integral

f d f d@sme[( 31(; )2 +§$2—0(%)2] (3.10)

fd¢(a¢) [ ]ifaa;l; (3.11a)

I' is, by its nature, periodic in ¢ with period 27, and so the integrated
portion on the Right Hand side of (3.11a) vanishes. Similarly,

fd@smﬁ(aag) =Z[I’1 0 ] ffae( nﬁap)dﬁ (3.11b)

The integrated portion of the right-hand side of (3.11b) vanishes as sin8
vanishes at the limits. It follows, therefore, that

1 ar(. ar\ 1 #T
jdqsfdesmer{ eae( aﬁ)ﬂu—sng—a&?}

—— [ ap [ avsimorrr (3.12)
= 0

Let

i % P,(cos 6) - Z (otpm cOS p + B, sinmep) P,(cos 6)
=0

Then if I'= F(g, 9—’), t), Oy = ‘xnm(t): lgnm = Bnm(t)'
Then

T =— Z nin+1) { ) P (cos )+ mél (ctpm cOS M + B,y Sin mep) P™(cOS 0)}

n=0

and

= f do f sin 6 df % [Pp(cos o) + i (ctpq COS gD + B,y cOS) P4 (cOS 0)]
by p=0 q=1

bt 3

xz n(n+1)[\/2

-+ éo (ot COS D + By COS M) P,(COS 0)]
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Using the orthogonality relation steps for the Legendre Functions (Stratton,
1941b) and the integral relationships for sinm¢ and cosme

< | [n(m + D] < () (n+ 1) (n + m)!
F=2W;{W “)%o +m=1 2n+1 (n_m)'(“rzlm_I_B%m)} (313)

=F()
if &y = ‘xnm(t)’ /gnm = B’"”(t)'

If the series converges, F is finite. Thus it follows from equation (3.8)
that the energy enclosed within a sphere of radius a is

G(a) = < J drF(t—g) (3.14)

and from equation (3.9) that the outflow of energy from the sphere of
radius a is

L(a) = < cF(t —‘-;) (3.15)

Now

dcjzga)=eoofadrF’(’“g):E"C[F(’)_F(t_%)]

= o cF(t) — L(a) (3.16)

Making a tend to zero, it follows that there is an energy source at the origin
working at the rate €,cF(¢) which is positive.

Thus a system has been set up involving a radial flow of charge with
the speed of light, and which satisfies Maxwell’s equations. The net charge
within any spherical shell whose centre is that of the flow is zero, and the
energy within any sphere of finite radius can be finite. There is, however,
a source of energy at the centre.

A corresponding system exists with an inward charge flow. In this case
there is a sink of energy at the origin.
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