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Abstract  

A solution is found for Maxwell's equations which are associated with a radial flow 
of electric charge moving with the speed of light. 

1. Introduction 

Recently, Bonnor (1969) discussed the motion of a charge system moving 
with the velocity of light parallel to a fixed axis. It is the purpose of this 
paper to show that solutions of Maxwell's equations exist which involve 
the flow of charge radially out (or in) from a fixed point. Before proceeding 
to the analysis, it is convenient to recapitulate certain properties of the fields 
associated with such a charge current distribution. The force per unit 
volume on a charge density p per unit volume moving with speed c in the 
direction associated with unit vector fi is given by, with the usual notation, 

p ( E +  cfi x B) 

(the Giorgi system of units is used). If this is zero, and fi is perpendicular 
to both E and B, it follows that pcfi. E vanishes, and so the four-dimensional 
force density (Sommerfeld, 1964a) vanishes, and also that E.B,  and 
Co E 2 -  (B2/~o), the two vector invariants of the electromagnetic field 
(Sommerfeld, 1964b) vanish, The energy density is given by 

1B 2 B 2 
W = �89 E 2 + 2-~o  = % E 2  = - -  ( 1 . 1 )  

/x0 
and the Poynting vector is given by 

E • H = / ( C ~  = Wcfi (1.2) 
~/ \/z0/ 

The stress tensor (Sommerfeld, 1964c) may be obtained as follows. There 
is a tension of magnitude �89 E2 in the direction of E and a compression 
of the same magnitude in the directions perpendicular thereto. 
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Similarly, there is a tension of magnitude �89 in the direction of 
B and a compression of the same magnitude in the directions perpendicular 
thereto. Now 

1B 2 
�89176 = 2fro = �89 (1.3) 

and it follows that the stress tensor associated with E and B is equivalent 
to a tension of magnitude W in the direction which is perpendicular to 
both E and B, that is ft. There is no stress in the directions perpendicular 
to ft. 

2. Radial Solution of Maxwell's Equations 

Any solution of Maxwell's equations can be written in the form (Stratton, 
1941) 

OA 
E = - ~ - ,  B = v  x A (2.1) 

If  the flow of charge is radial, then, 

E + el" • B = 0 (2 .2 )  

It follows that Er vanishes and hence Ar. Thus, in spherical polar co- 
ordinates 

A = Ao 0 + A~ r (2.3) 

E OAo a OAr ~ (2.4) =--~i-o-~fT 

I I N  OFO(sinLA~)_OAO] . 1 0  l a ^ ~r162 + r ~ ( r A o ) .  (2.5) B =  
rsin0 

Now in order that Br vanish, it follows that 

0 . . . . .  OAo 
if01 sin VAr = 

whence 
Ou 

Ao = O0 A4 

u is a function of r, 0, r t. Thus 

E O0 Ot- 

B 

1 Ou 
(2.6) 

sin 0 0r 

1 Oau o 

sine#~t '~ 
1 

 sine tr JO+  r 4' 

(2.7a) 

(2.7b) 
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Substituting equations (2.7a) and (2.7b) in equation (2.2), it follows that 

razu c a i a < ? O _  1 ro 2. ca [  auk]o 
tr o)_l sm O O[ +;atr )j, (2.8) 

This is satisfied if 

lOu 1 0 
c at +rOt  (ru) = 0 (2.9) 

that is 

.=li(o,+  21o, 

f i s  arbitrary. 
The charge and current density are given by 

OD 1 aE 
(V X B) - e o J = V X H at Fo at 

1 [ 1___~[ 0 (sin0 0 1 02 -1^ 
=Fo [rsinOLOO\-~or(r~o0))+rsin O0~ffr(rU)] r 

r Or2 r-fr O 0 r s~n O Or2 0r (ru) dp j - eo [ ~ O d sin O O~ Ot 2 ~P 

, i  ,  2ul J o = ~ t - 7 ~  rgo + c2aOOt2j 
_ 1 { l O  z 02}0, 

For C 20t2 O~ O0 

= 0  
by virtue of equation (2.10). 

Similarly, Jo vanishes, and so 
a =J,f 

where 

1 [  1 r a lsinO a i ~.~ ,'sinOa7.~O.'l a~ .,]1 z = ~ / r s - ~  o [~0tW-~r try077 ~ (r.) (2.11) 

The charge density is given by 

p = V . D =  eoV.E 

_ % { , _ O / .  OZu\ 1 03u 1 
rs inS.  [sin00-0&-) sin00~0-tJ (2.12) 

Substituting the relation (2.9), it follows that 

Y,. ~- cp (2.13) 
that is, the velocity of flow is cf, which is in agreement with the original 
hypothesis, and so it follows that a consistent field system has been obtained. 
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It may be remarked that (2.9) is not the only relation which causes 
equation (2.8) to be satisfied. Any relation of the form 

10u 1 a 
c Ot t- r~r(rU) = F(r, t) 

where F is arbitrary, would in fact do. 
However, the fields E and B involve differentiations with respect to /9 

and 4, and consequently F does not matter. It may thus be assumed zero. 
It may be observed further that if the sign of c be reversed everywhere, 

there is a radial inward flow with speed c. 

3. Calculation of Associated Quantities 
The charge density, using equations (2.10) and (2.12), is given by 

- - 6  0 O f  
p = ~ - T ~  (3.1) 

where T is the operator 

1 ~ ( ~ 0 )  1 a 2 
sin/9 sin 8 q sin 2/9 a~ 2 (3.2) 

The total charge within a sphere of radius a, centre the origin is therefore 

=: Q(a) r 2dr f d$ f sinOdOp(r) 
0 - I t  0 

=-60  : dr f d6 : dOsinOT~(O,~,tc) (3.3) 
0 - r r  0 

This may in fact be shown to be zero. 
For writing f i n  terms of surface harmonics (Stratton, 1941b) 

f(O,~b,t) =.=o ~ [a, oPn(cosO) + m=l ~ (a.mcosm~ + b.msinm~)p.m(cosO)] 

(3.4) 
where the a.m and b.m are functions of t. 

Now, by the properties of the Legendre functions 

m COS - -  rp, m(cos$) ~~ =-n(n + 1)P. (coS$)si n m~b 

and so 

Q(a)=6o f dr dO f dOsinO ~ n ( n + l )  a.o t -  c P,(cos0)] 
0 -*r 0 n =0 
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+~__~{a:m(t-~)cosmdp+b,,,(t-~)sinm+P.'cosO 
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;;  ( ; )  =27r% dr dOsinO ~ a'.o t -  n(n+l)P,(cosO) 
0 0 n = l  

on integrating with respect to ~ and dropping the terms in n = 0. Using 
the fact that P0(cos 0) = 1 and the orthogonality properties of  Legendre 
polynomials, it follows that this is zero. 

Similarly, the net rate of flow of charge out of the sphere 

I(a) = f d~ sinOdO[J,],=,.a 2 (3.5) 
--I"l 0 

=-%c f dO sin0d0T (3.6) 
- -~  0 r = a  

also vanishes. 
This means that the charge distribution is such that the total charge in 

any spherical shell with centre at the origin is zero, and it cannot therefore 
be one signed. The density of electromagnetic energy is given by 

[ '[ ~2 u \2 1 [ OU \2"] 

,0 [ (  a3f  ~2 1 ( YI 

This is intrinsically positive. 
Let a2f/at 2 = P, for convenience 

,or(or 2  _(ar 21 
W=r2L\O0 ! + s i n 2 0 \ 0 0  j ] (3.7) 

The energy enclosed within a sphere of radius a is 

f r2dr f d~ f sinOdOW(r, 0,4) 
0 - I t  0 

= %  dc~ sinOdO + sin20/O,~/ (3,8) 
0 --lr 

The Poynting vector is V/c~ and the rate of flow of energy out of the sphere 
is given by 

a 2 f d~ . . . .  e ~  2 1 (a/'12 ] dV sin V ~ -  + (3.9) 
- .  o Lt ao] j . : .  

which is intrinsically positive, as 1u is also. 
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Consider now the integral 
~7 17 

r= f a+ f e0sinO[?r7 1 ?r 21 (3.10) 

--77 77 _~. 

(3.11a) 

/" is, by its nature, periodic in ~ with period 27r, and so the integrated 
portion on the Right Hand side of (3.1 la) vanishes. Similarly, 

(01-'] 2 ~'[FsinO~o]-f.l-'~--o(sinO~o)dO (3.11b) dO sin 0 \O0-] = 
0 0 0 

The integrated portion of the right-hand side of (3.1 l b) vanishes as sin 0 
vanishes at the limits. It follows, therefore, that 

F = -  d(~ dOsin01~ s-~O~ s m 0 ~ -  -~ sin20~-~zj 
--77 0 

= -  ; d(~ ; dO sinO_PTF (3.12) 
--rr 0 

Let 

2 ~no -P = .~0 ~ P " ( c ~  0) + (e.m cos m~ + fl.m sin m~) P.m(cos 0) 
= m=X 

Then if F =/~(0, ~, t), ~c.., = cc.m(t), ft." = fi.,.(t). 
Then 

T.l"= n(n + 1) ~.o 0)+ ~ (O:.mCOSmq~+fi.,.sinm(~)P.m(cosO) 
n=0  m = l  

and 

F= dO sin 0 dO 
--lr 0 

p = 0  q = l  

• ~ n(n + 1) [~22(cos 0) 
n=0  

+ ~ (a.,. cos m~b + 3.,. cos mq~) P.'(cos 0)] 
m=0 
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Using the orthogonality relation steps for the Legendre Functions (Stratton, 
1941b) and the integral relationships for sinmr and cosrnr 

/[n(n+ 1)]c~o + # (n) (n + l) (n + m) ! 2 2 ) 
F=27r =,( 2 n + l  ,.Z-I_ 1 2 n + ]  ~ - - ~  (a"m+fl"m) (3.13) 

= F(t) 

if ~,m = ~,m(t), fl,m = fl,,.(t). 
If the series converges, F is finite. Thus it follows from equation (3.8) 

that the energy enclosed within a sphere of radius a is 

0 

and from equation (3.9) that the outflow of energy from the sphere of 
radius a is 

L(a)= %cF(t - a )  (3.15) 

Now 

dt = Co o 

= eo cF(t) - L(a) (3.16) 

Making a tend to zero, it follows that there is an energy source at the origin 
working at the rate E0 cF(t) which is positive. 

Thus a system has been set up involving a radial flow of charge with 
the speed of light, and which satisfies Maxwell's equations. The net charge 
within any spherical shell whose centre is that of the flow is zero, and the 
energy within any sphere of finite radius can be finite. There is, however, 
a source of energy at the centre. 

A corresponding system exists with an inward charge flow. In this case 
there is a sink of energy at the origin. 
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